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1. Introduction

In two respects, protein crystals appear to violate the starting
hypothesis of probabilistic direct-methods phasing theory, viz.
the hypothesis of uniform random distributions of indepen-
dent atoms. Firstly, protein crystals seldom diffract to atomic
resolution and secondly, the crystals are partitioned into more-
or-less distinct higher density protein and lower density
solvent regions.

In a recent paper (Guo et al., 2000a), we showed that since
the protein and solvent regions represent Babinet comple-
mentary opposite-phase scattering masks (Fig. 1), the scat-
tering by the partitioned protein and solvent electron density
is equivalent to scattering by protein-minus-solvent difference
electron density in the protein regions and zero density in the
solvent regions outside the protein regions. This led to a
reformulation of the crystal structure factor in terms of
difference atomic scattering factors. Thus,

NIX
k= Zl(f,h — fsn) exp(27ih - 1','), ®
=

where N, is the number of non-H protein atoms per unit cell
and the fg, are Fourier transforms of protein-atom-centered
large-radius spheres of dilute uniform bulk-solvent-compen-
sating electron density. The bulk-solvent-compensating scat-
tering factors are given by

fon = ZsP(27|h|Ry), 2
in which
®(u) = 3(sinu — u cos 3 3
© 2000 International Union of Crystallography (Lt) ( m “ . M)/M ( )
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and Zg~5.75¢e and Rg >~ 5 A from empirical calculations in
which the bulk solvent was assumed to be liquid-like water.
[(2) is a corrected form (Guo et al., 2000b) corresponding to
equation (12) in our earlier paper (Guo et al., 2000a), which as
printed incorrectly included a factor (4/3)R3 on the right-hand
side of (12).]

In another recent paper (Guo et al., 1999), we showed that
for low-resolution protein structure analysis Debye-Harker
scattering factors for spherically averaged n-atom groups or
globs,

1/2
sin(27|h|[r; — r.]) 5)
2l — x| |

& = |: 3 if}hfkh

j=1 k=1

in particular the globbic scattering factors for main-chain
peptide groups —C*—C'(=0)—N— and amino-acid side-
chain groups —C?—R, are good approximations in structure-
factor and electron-density calculations with d;;; > 3.5 A Tt
was also shown that globbic scattering factors from (5) could
be approximated quite well at low resolution by single
Gaussian functions, gy, = aexp(—b|h[?).

In the present paper, we use bulk-solvent-compensated
globbic scattering factors to adapt probabilistic phasing theory
from the uniform atomic distribution hypothesis to a non-
uniform globbic distribution approximation to low-resolution
protein crystal structure.

2. Probabilistic theory in the globbic approximation

Some main points of probabilistic phasing theory are
summarized in Appendix A. To adapt the theory from atoms
to globs, we replace the N, atomic factors (fn — fon) in (1) by
N, < N, polyatomic globbic factors (g — gsn)- The normalized
crystal structure factors defined by (21) and (22) in Appendix
A are then redefined by
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Figure 1

Schematic illustration of the protein—solvent partitioning that results in
non-uniform atomic position distributions in protein crystals.
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exp(2wih - 1)) = |E,| exp(igy,),

(6)

where (|EP), = 1, since
2 i 2
Yo = {(FIh = Z(gjh — &sn) (7
=

is the Wilson (1949) expectation value for the intensity of
scattering by N, bulk-solvent-compensated globs distributed
independently and uniformly within the protein molecular
volume but excluded from the bulk-solvent volume, i.e.

r, V. (8)

As mentioned in Appendix A, key steps in the probabilistic
derivations involve simplifications based on averages (cosx) =0
and (cos’x) = 1 when x spans the whole interval 0 < x (mod
2m) < 2m. Under the non-uniform globbic distribution
approximation we cannot assume the same simplifications,

because in averages such as

rngpz - Vs,

cell

¢y = (cos(2rh 1)), and ¢, = (cos’(2mh-1)),  (9)

the arguments may not span the whole interval (0, 277). The h
are restricted to low-resolution reflections with small |h| and
the r are restricted by (8) to the protein molecular subvolume
of the unit cell.

We saw no route to general results for restricted averages
(9), so we examined their behavior by numerical calculations
for a hypothetical model structure in space group P1 with unit-
cell parametersa =b =c¢ = 100A,oz:,3: y=90°and Z =1
spherical molecule centered on the origin. Restricted averages
of the cosine and squared-cosine functions were computed for
molecular-volume fractions Vp/V = 0.1, 0.3 and 0.5 corre-
sponding to spherical molecular volumes Vp = (4/3)7R3, with
radii Rp = 28.8, 41.5 and 49.2 A, respectively. Each spherical
molecular volume was subdivided bya 1l x 1 x 1 A grid and
the averages (9) were computed over all the grid points with
[r| < Rp for each of 30 reflections chosen such that their |h|
were approximately equally spaced in the 1/d,; interval
corresponding to 100 > d;; > 10 A.

Fig. 2 shows that the restricted averages (9) fall close to the
unrestricted average values 0 and 1, except for small numbers
of very low resolution reflections with d,;, = 0.5 Viéﬁ We can
therefore expect that the averages of cosine products in (26)
for non-uniform random globbic distributions would be
similar to the averages for uniform random atomic distribu-
tions. If that is the case, the probabilistic theory applies at least
approximately, mutatis mutandis, under the bulk-solvent-
compensated globbic approximation. The necessary changes
for (28) through (34) are

N, = Ng. [ = (8n—8m)s % = Va- (10)

With these changes, the Ay, values (30) and (31) increase
because they are inversely proportional to Ny/* < N}/?. Since
the variance of the distribution (28) decreases with increasing
Apk, the bulk-solvent-compensated globbic approximation
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reduces the uncertainty of probabilistic estimation of low-
resolution phases for large structures.

3. Single-Gaussian large globs

For test calculations at lower resolution with larger globs, we
adopted scattering factors for spherical globs represented as
single Gaussian functions. Thus, the forms of the gm, gsn and
fsn globbic scattering factors were simplified from (5) and (2)
to

gn = Z[3(sinu — ucos u)/u’] ~ Z exp(—0.1u?), (11)

where Z = Zp or Zg is the number of electrons per glob,
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Plots of numerical averages of (a) the cosine and (b) the squared-cosine
functions (9) for low-diffraction resolution and large solvent-volume
fractions.

u = 27|h|R, (12)

and R = Rp or Ry is the glob radius. As illustrated in Fig. 3, a
single Gaussian represents a uniform density sphere very well
at low resolution and does not have the disadvantage of the
high-resolution nodes and ripples present in the Fourier
transform of a uniform density or ‘hard’ sphere (Guinier,
1994a,b; Patterson, 1967).

4. Effective glob size versus resolution

Numerical tests of the bulk-solvent-compensated globbic
approximation were carried out using the measured structure-
factor amplitudes and the refined atomic positional
mean-square displacement and site-occupancy parameters for
crystals of glyceraldehyde-3-phosphate dehydrogenase or
GPD (Murthy et al, 1980), space group P1, unit-cell para-
meters a = 83.0, b = 81.0, ¢ = 82.5 A, o = 1108, g = 71.5,
y =116.9°, Z=1 GPD molecule with N, = 10 028 independent
non-H protein atoms, M, = 143 000, V,, = 3.18 A’Da! and
VplVeen = 1 — (Vs/Vien) = 38.7%. The measured data set of
37 655 reflections is 63% complete, with d,., = 45.9 A and
Amin = 2.5 A. Assuming the bulk solvent to be liquid-like water
with Vi o =299 A® per molecule, the 61.3% solvent volume
in GPD crystals corresponds to 10 300 H,O molecules.

The effect of the bulk-solvent-compensated globbic
approximation on intensity-data normalization was assessed
by calculation results summarized in Table 1 and Fig. 4. For the
5644 measured reflections with d > 5 A in the GPD data set, a
scale factor k and a radius Rg in the bulk-solvent-compen-
sating scattering factors fg, defined by (2) and (11) were
determined by a two-parameter fit of |F,| to |F,|, where

Nll
F.=k" ;p,{fﬁ. exp(—27*(u}) /dy) — fsnl exp(2rrih - 1), (13)
=

in which the p; < 1 are atomic site-occupation parameters and

the (uj?) = B]-/(Snz) are atomic mean-square displacement
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Figure 3
Scattering factors (11) for a sphere of uniform electron density and for a
single-Gaussian electron-density distribution.
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Table 1

Low-resolution intensity normalization and effective glob sizes.

The normalizing factors ¢y, defined by (22) were computed for N, = 10 028
non-H protein atoms of the GPD structure and the normalizing factors yy,
defined by (7) were computed for N, = N,/n, protein globs.

dugin (AFS  EPY (@)

(A) Neemns ~ x 107 (IF P (KIF) kZ\ L) g
15 135 307 1.22 1.42 0.96 13.08
14 175 312 1.14 1.39 1.00 12.12
13 230 319 1.07 1.35 1.04 11.07
12 307 321 1.04 1.33 1.11 10.07
11 415 356 0.99 1.19 1.08 9.06
10 564 436 0.91 0.96 0.94 8.08
9 793 505 0.84 0.82 0.87 7.07
8 1204 498 0.84 0.82 0.93 6.07
7 1885 442 0.92 0.89 1.05 5.06
6 3135 375 0.98 1.01 1.14 4.06
5 5644 357 1.00 0.99 0.95 3.06

parameters. The corresponding atomic normalization factors
ay, defined by (22) were computed as

oy, = exp(—4m*

N,
o) ) X fi (14)

where N, = 10 028 non-H protein atoms and the overall mean-
square atomic displacement parameter (uZ ) = 0.377 A?
(Biso = 29.8 Az) had been obtained by a Wilson normalization
analysis (Blessing et al., 1996, 1998) of the measured |F,| data
set. Low-resolution data-normalization ratios were compiled
as averages (a)/(K*|F,[*) over 11 data subsets each with
Aax = 45.9 A and with dmin ranging from 15to S A as listed in
Table 1.

To compute the globbic normalization ratios in Table 1, we
assumed equal globs and guessed that the effective number 7,
of non-H protein atoms per glob would increase linearly with
decreasing resolution limit, i.e.
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Figure 4

Plots of the atomic and globbic normalization ratios, (a)/(k|F,*) and
/{k|F,]*), respectively, against resolution limit for cumulative low-

resolution subsets of the measured GPD data set.

=ad,,, +b. (15)

min

Starting froma =1 A’l and b = 0, the glob-size parameters a
and b were refined by a simplex procedure (Press et al., 1986)
to adjust n, N, = N,/n, and the globbic normalization factors
¥h, defined by (7) and computed as

1s0>/d ) ng Sh]z’ (16)

with the g, and fg, from (11) and (2). The refinement mini-
mized the normalized root-mean-square residual,

W = g[g n €Xp(— 277

n n 1/2
r= [;((IFolz)i — k7 7/),-)2/;<IF0I2>,2} . an

where i indexed the n = 11 low-resolution subsets with
Amax = 45.9 A and 15 > Amin > 5 A. In each refinement cycle,
the new a and b gave a new n, for each resolution subset; then
new N, Zp, Rp and, through (11) and (16), new g, and y
values were calculated. Constants of those of the calculations
were from our earlier protein and bulk-solvent calculations:

Zy,o=10¢
Vio =229 A’
(Zoonst) = 6.61 ¢
Vioutt) = 172 A7
Zp = n{Zonmt)
Rp = [(n(Voouts))/ (4/3)]'
Zg= (ZH2 /VHZO) non) = 3.75 €
Ry = 5.78 A, (18)
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Figure 5
Tangent-formula-estimated versus structure-model-calculated = phases
(radians) for the 521 reflections with |E,| > 1.0 and d;;; > 8 A in the
measured GPD data set.
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where (Z,onu) and (Vyonp) are the average atomic number
and average volume per non-H protein atom (Guo et al,
2000a). The scale factor k and the Zg and Rg parameters of the
bulk-solvent-compensating scattering factors fg, were kept
fixed at their values from the initial fit of (13) to the measured
|F,| data. The refinement of the glob-size parameters
converged to r = 8.7% with a =1.00 A~'and b =—1.94. Table 1
and Fig. 4 show that the resolution-optimized globbic
normalization ratios (y)/(k*|F,*) based on (15) and (16) are
consistently closer to unity than are the atomic normalization
ratios (a)/(k*|F,[*) based on (14).

5. Tangent-formula phase estimation

In our earlier work concerned with bulk-solvent correction in
direct-methods phasing (Guo et al., 2000a) we showed that
although the |F|-weighted tangent formula based on the Sayre
equation gives essentially random phase estimates for protein
data with d < 8 A, the formula does give useful phase
estimates for complete low-resolution data subsets with
o0 >d>8 A. Now we have also tested low-resolution phase
estimation by the probabilistic |E|-weighted tangent formula
under the bulk-solvent-compensated globbic approximation.

Results from the protein GPD are summarized in Table 2
and Figs. 5, 6, 7 and 8. Using the tangent formula (34), phases
¢n were estimated from phases ¢, and ¢,_, calculated from
(13); unit-weighted and |E|-weighted average phase errors
were calculated as

(lAgl) = th|¢h,cst - @h.calc|/z wy, wy, = 1lor [E,| (19)
h h
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As Fig. 5, but with the 521 measured reflections supplemented by
calculated data for the 11 reflections with dj;; > 40 A that were missing
from the measured data set. See also Fig. 8.

to compare estimated phases from (34) with calculated phases
from (13).

The first line of Table 2 shows that for the 521 measured
low-resolution reflections with d > 8 A and |E,| = k|F,|/y"? >
1.0 the average phase error is about 70° and the estimated
phases are not much better than random phases, with an
average phase error of 90°. However, there were 307 low-
resolution reflections with d > 8 A and |E,| = |F.|/y"? > 1.0 that
were missing from the measured data set. In stepwise
increasing resolution shells, calculated data were supplied for
the missing reflections to complete the |E| > 1.0 data in the
lowest resolution shells and tangent-formula phase estimation
trials were repeated as indicated in Table 2.

The effect of even a very few missing low-order reflections
is dramatic. Supplying only the 11 missing near-origin reflec-
tions indicated in Fig. 8 reduced the average phase error from
a practically useless 70° to a practically useful 45°. The phase
improvement this represents is indicated clearly by the scatter
plots shown in Figs. 5 and 6. The further improvement on
supplying all 307 missing reflections is shown in Fig. 7. It is
worth noting that the effect of adding the lowest order missing
reflections was very beneficial even though the added reflec-
tions were in the near-origin region of fluctuating averages of
the cosine and squared-cosine functions shown in Fig. 2.

6. Low-resolution data completeness

We think that a principal reason for the critical importance of
even a very few low-resolution strong reflections is the
common tendency for strong large-|E| reflections to occur in
clusters corresponding to reciprocal-lattice points separated
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Phase (truc)

Figure 7

As Fig. 5, but with the 521 measured reflections supplemented by
calculated data for all 307 reflections with d,,;; > 8 A that were missing
from the measured data set.
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Table 2
Tangent-formula phase estimation versus low-resolution completeness
using triplets formed of reflections with d > 8 A and |E|] > 1.0.

Calculated data for the lowest order reflections missing from the measured
GPD data set were added shell-wise to complete the |E| > 1.0 data in the
lowest resolution shells.

Missing

reflections Complete- Unit-weighted  |E|-weighted
added Nietins 1€88 (%) Nuipies  ([A¢]) () (lAgly (°)
0 i 521 62.9 33868 72 71
2,d>T70A 523 63.2 35084 65 62

4, d > 60 525 63.4 36281 58 54

6,d > 50 527 63.6 37439 55 52

11,d > 40 532 64.3 40089 49 45

24, d > 35 545 65.8 46549 47 42

36, d > 25 557 67.3 52324 46 42

51,d > 20 572 69.1 59145 46 42

90, d > 15 611 73.8 76987 46 42

191,d >10 721 87.1 117863 43 39

307,d > 8 828 100.0 161549 37 34

from one another by only one or two or a few reciprocal-
lattice translations, as illustrated in Fig. 9. Thus, to form
amplitude triplets |Ey|, |Eyl, |E_p_x| for three-phase structure
invariants @p = ¢n + @k + @_n_x that involve neighboring
strong reflections, one triplet component must correspond to a
short reciprocal-lattice vector, as illustrated in Fig. 10. Table 2
shows that the effect of adding only the 11 lowest order
reflections missing from the measured GPD data set was to
generate more than 6000 additional strong triplets for tangent-
formula phase estimation.

In terms of a crystal space interpretation, the strongest
Fourier components of the density,

p(x)=1/V ; |Fy,| cos(¢y, — 27th - 1), (20)

l

Figure 8

Schematic illustration of the GPD reciprocal lattice for the low-order
reflections with dj,;; > 40 A. The 110 and 011 reflections denoted by open
circles were among the measured data, but the 11 reflections denoted by
filled circles are missing from the measured data set.

are generally low-resolution terms, i.e. leading terms in the
sequence 0 < |h| < |h|.. On account of h-space and r-space
reciprocity, the leading low-resolution terms carry most
information on longer range structural ordering, solute/
solvent molecular envelopes and molecular-packing patterns.

7. Concluding remarks

We have shown that probabilistic direct-methods phasing
theory, originally developed from a starting hypothesis of

¥
-
v
2 B BAS
74 4 .“l’-c- r-seeew-
o # R ot 4
" ok

Figure 9

X-ray precession photograph corresponding to the k0 reciprocal-lattice
net of tetragonal lysozyme. Note the tendency toward local clustering of
strong reflections.

-h-k

Figure 10

Schematic reciprocal-lattice vector diagram for a three-phase structure
invariant @y, = @n + @k + @_p_x that involves one reflection corresponding
to a short reciprocal-lattice vector.
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uniform random distributions of atomic positions, can be
adapted simply to a non-uniform bulk-solvent-compensated
globbic approximation for low-resolution protein crystal
structures. The effective number 7, of atoms per polyatomic
glob increases with decreasing resolution, so that low-
resolution phasing involves positioning only N, = N,/n, globs
rather than N, atoms. Probabilistic estimation of low-
resolution phases depends critically on completeness of the
low-resolution data; if even a very few of the lowest order data
are missing, average phase errors increase dramatically. This
reinforces the lesson that it is worth taking extra care in
diffraction experiments to ensure completeness of the low-
resolution data.

All our conclusions from our calculations on glyceraldehyde
phosphate dehydrogenase (GPD) have also been confirmed
by parallel calculations on the Ses, selenomethionine form of
S-adenosylhomocysteine hydrolase (SAH; see also Guo et al.,
2000a).

The work we have reported here is based on ideas on group
scattering factors originated by Debye (1915) [as cited by
Guinier (1994a) and Warren (1990)], Harker (1953), Main
(1976) and Heinermann (1977) and ideas on bulk-solvent
compensation developed by Moews & Kretsinger (1975),
Wang (1985), Kostrewa (1997), Badger (1997) and Tronrud
(1997). Our work has also been informed by the low-
resolution uniform sphere model of Andersson & Hovmoller
(1996), the few-atoms model of Podjarny et al. (1998) and the
solvent-contrast method of Carter (1998).

APPENDIX A
Normalized crystal structure factors are defined by
F, Na f
Ey, = o2 Z 1/2 exp(2rih - l') = |Ey| exp(igy), (21)
(FP)° Ha
where (|E]*),, = 1 since
2 al
=(IF = >_fi (22)
=1

is the Wilson (1949) expectation value for the intensity of
scattering by N, atoms distributed independently and
uniformly at position vectors r; throughout the unit cell.

The derivations of Hauptman & Karle (1958) and Karle &
Hauptman (1958) give joint and conditional probability
distributions for the amplitudes |Eyi|, |Eyal, |Ens| and phases
©n1> P2, Pns for triplets of structure factors with h; + h, + h; =0.
The joint probability density function is

P./(R17R2’ R3’ q)lv cDZ’ CD3)

R R2 5 2 2 2
(271_ fdplfd,ozfdp3fd91 fd92fd9301p2pz

X exp|:—i _Z;Ripi cos(@i — Qj)] kl_Il i (23)
= =

where Ry, R,, R; and ®,, ®,, ®; denote the triplet amplitude
and phase random variables corresponding to N, uniformly

randomly distributed atomic positions ry. The factors gy in the
continued product in (23) are statistical averages over the
random positions and are given by

j=1

qx = <6XP|: Z(fkh /051. )P] cos(2nh 9,'):|> . (24)

cell

Using the notation
= (fkhj/alllfz)pj cos(27h; -, — 6)), (25)

series expansion gives the average of complex exponentials on
the right of (24) as a sum of averages of cosine products,

+(@*/2) Z Z CriChom)e

I=1 m=1

3
g =1+1i) (e,
=

3

3 3
+ (i3/3!) 121: > (cklckmckn)rk +..., (26)

=1 m=1n=1
which, using

cos x; €os x, = 1 [cos(x; + x,) + cos(x; — x,)],

can be shown to be expressible in terms of averages of cosine
and squared-cosine functions. Then, since by the uniform
random atomic distribution hypothesis the function arguments
span the whole interval 0 < x (mod 2m) < 2m, the averages
(cosx) = 0 and (cos’x) = 1 allow simplification of (26), (24) and
(23) to practically useful forms.

Specifying given values for the amplitudes |Ey|, |Enal, |Ens|
with h; + h, + h; = 0 leads from the joint distribution function
(23) to the conditional distribution function,

PC(q)l+q)2 + (D3|R1, RZ’ R?)

= 22l (A) exp[A cos(®, + P, + ;). (27)

In customary notation, the conditional distribution function is
written as

Pe(®plAp) = exp(Ayy cos D), (28)

1
27l (Ap)
where

Dy =0h O+ 0px (29)

is the triplet or three-phase structure invariant, I,,(x) denotes an
nth-order modified Bessel function of the second kind and

N[l

;f]h fj,k f},fhfk
Ap = =

(oot )

or, for equal atoms,

Ay = Q/NYHEEIE_y . (31)

77 | Enl Ex|1E_p il (30)

The conditional distribution of the three-phase invariant gives
expectation values

= :Lfoo y(x)P(x)dx

(Ppy) =0 (32)
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and

(cos Dy ) = 11 (Ap)/1p(Apy) (33)

and leads to the tangent formula
2B E ] sin(@y + ¢_y1)

K
Z |EI|E_y x| cos(@y + @_p_x) ’
K

(34)

tan ¢, ~

These now classical results have been cornerstones of direct-
methods phasing procedures.

We thank Herbert Hauptman and Douglas Dorset for
helpful discussions of the low-resolution phase problem; we
are grateful for research support from USDHHS PHS NIH
grant No. GM46733.
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